Abstract. In this paper, we introduce two new non-singular kernel fractional derivatives and present a class of other fractional derivatives derived from the new formulations. We present some important results of uniformly convergent sequences of continuous functions, in particular the Comparison's principle, and others that allow, the study of the limitation of fractional nonlinear differential equations.
Introduction
The topic of fractional calculus is currently one of the most studied, not only by mathematicians, but by physicists, chemists, and various engineers, among others, for their many applications in modeling real phenomena. In fact, when we consider non-integer order derivatives, we have been able, in some studies, to better adapt the theoretical model to the experimental data, thus predicting better the future dynamics of the process [1, 2, 3, 4, 5, 6, 7, 8] . A problem that arises in this study is the innumerable definitions of fractional derivative operators, and with this, the choice of the best operator for the case under study. One way to overcome this problem is to consider more general definitions, where the usual ones are particular cases. In this sense, there are currently three branches of fractional derivatives: the fractional derivatives with singular kernel, the so-called "traditional" fractional derivatives, among which we mention: ψ−Caputo, ψ−Riemann-Liouville, ψ−Hilfer, Hadamard, Caputo-Hadamard, Riesz, among others [9, 10, 11, 22] .
On the other hand, recently, two new classes of fractional derivatives have appeared by means of limit, first of all, that said local, we mention some formulations: conformable fractional derivative, V−fractional derivative, M−derivative, among others [10, 13, 14, 15] .
As we have seen, the number of formulations of fractional derivatives with singular kernel or by limit is considerable, however, it does not make it possible to remedy the diversity of existing problems. In this sense, Caputo and Fabrizio [17] , proposed a new fractional derivative with non-singular kernel, admitting two different representations, temporal and 1 spatial variables. The interest in this new approach is due to use a model that describes the behavior of classical viscoelastic materials, thermal media, electromagnetic systems, among others. Other fractional derivative formulations with non-singular kernel and applications can be found in references [18, 19, 21] .
The motivation for the realization of this paper comes from the ψ−Caputo and ψ−RiemannLiouville fractional derivatives and the Riemann-Liouville fractional integral with respect to another function with variable order, in proposing a new fractional derivative with nonsingular kernel in a general, way where the usual are particular cases [20] .
The paper is organized as follows: in section 2, we present two new formulations of fractional derivatives with non-singular kernels, by means of the fractional differentiation operators called ψ−Riemann-Liouville and ψ−Caputo, as well as we study their respective particular cases. We discuss two limit processes α(t) → 1 and α(t) → 0 and an observation is made regarding the class of possible fractional operators from the introduced of these new fractional operators. In section 3, we discuss results that guarantee the limitation of new fractional derivatives, as well as results involving uniformly convergent sequences of continuous functions. In this sense, we present and discuss estimates for fractional derivatives. In the section is introduced and proved the result of the fundamental comparison principle for the application of a nonlinear fractional differential equation. Concluding remarks close the paper.
New fractional derivatives
In this section, by means of the ψ−Caputo and ψ−Riemann-Liouville fractional derivatives of variable order with respect to another function, we present two new formulations of fractional derivatives of variable order with nonsingular kernel. In this sense, we present some particular cases through remarks and discuss two limiting process esα(t) → 1 and α(t) → 0.
We first, consider the one-parameter Mittag-Leffler function, given by [12] 
, Re(β) > 0.
In particular, taking β → 1, we have E β (z) = exp (z).
Consider the following function, given by
with 0 < α (t) < 1, 0 < β, γ < 1 ψ (·) is a positive function and increasing monotone and E β (·) is a Mittag-Leffler function, which is considered uniformly convergent on the interval [a, b] = I.
The ψ−Riemann-Liouville fractional integral of variable order, 0 < α (t) < 1, is given by [20] I α(t);ψ a+
The corresponding ψ−Riemann-Liouville fractional derivative of variable order 0 < α (t) < 1, is given by [20] 
On the other hand, the ψ−Caputo fractional derivative of variable order 0 < α (t) < 1 is
Second, by changing the kernel (ψ (t) − ψ (τ )) −α(t) with the function H α(t);ψ γ,β (t, τ ) and 1 
where M (α (t)) is a normalization function such that M (0) = M (1) = 1, and ψ (·) is a positive function and increasing monotone, such that ψ ′ (t) = 0.
Next, we introduce an axiom that makes it possible to recover two limiting cases, specifically the integer-order cases.
and 
and lim
Note that, in the limit α(t) → 0, we have
(2.8)
Taking the limit α (t) → 0, on both sides of Eq.(2.4) and by Eq.(2.8), we obtain
On the other hand, taking the limit α (t) → 0, on both sides of Eq.(2.5) and by Eq.(2.8), we get (1) Taking β = γ = α and ψ (t) = t in Eq.(2.4), we have the fractional derivative, given by [19] RL D
(2) Taking α (t) = β = γ = α and ψ (t) = t in Eq.(2.4), we have the so-called Atangana fractional derivative, given by
(3) Taking α (t) = α and β = γ = 1 and ψ (t) = t in Eq.(2.4), we have the so-called Yang-Machado fractional derivative, given by [18] RL D
(5) Note that, as ψ (t) is an arbitrary function, if we take ψ (t) = ln t, we obtain
Observation 2. On the other hand, for the fractional derivative C D α(t);ψ a+ (·) , we have the following particular cases:
(1) For β = γ = α and ψ (t) = t in Eq.(2.5), we have the fractional derivative, given by
(2) For α (t) = β = γ = α and ψ (t) = t in Eq.(2.5), we have the so-called Atangana fractional derivative, given by [21] 
(4) For α (t) = α, β = γ = 1, M (α) = 1 and ψ (t) = t in Eq.(2.5), we have the fractional derivative, given by [18] C D α(t);t a+ f (t) :
(5) Here, we can also choose, other function ψ (t), in particular ψ (t) = sin t and obtain another possible fractional derivative over time.
Observation 3. In these two above Remark 1 and Remark 2, we recover particular cases of some fractional derivatives with non-singular kernels. Also, it is possible, from the choice of the ψ(·) function, to obtain formulation another fractional derivative. Note that, the definitions of the fractional derivatives Eq.(2.4) and Eq.(2.5), were obtained by fractional derivatives ψ−Caputo and ψ−Riemann−Liouville and the Riemann−Liouville fractional integral with respect to another function [11, 22] . From these fractional derivatives, we obtain other formulations, which, as a consequence, could introduce another fractional derivative formulation with non-singular kernel, performing the same procedure used for the fractional derivatives Eq.(2.4) and Eq.(2.5). So, in fact, the formulations presented here are quite general.
Miscellaneous
In this section, we present some results through the fractional derivatives as introduced in the previous section. As a first result, we discuss the bounded of fractional derivatives, as well as, results that involve uniformly convergent sequences of continuous functions, both for the fractional derivatives, and for two variations of integrals important to obtain some results. In this sense, we present and discuss estimates of fractional derivatives. 
Proof. We present a proof of Eq.(3.1) and to prove Eq.(3.2), follows in a similar way. Then, by definition Eq.(2.4) and as H α(t);ψ γ,β (t, τ ) ≤ 1, for 0 < α (t) < 1, we can write
Theorem 2. Let 0 < α (t) < 1 and f, ψ ∈ C [a, b] be two functions such that ψ is increasing and ψ ′ (t) = 0, for all t ∈ [a, b] a closed interval. The ψ−Riemann-Liouville and ψ−Caputo fractional derivatives, that is to say for a given couple function f and h, the following inequalities can be established: 
Using the Lipschitz condition of the first order derivative, we can find a positive constant such that,
Therefore, we conclude the prove of the Eq.(3.3). The prove for the Eq.(3.4), can be realize in an analogous way.
Recently Sousa and Oliveira [9] , introduced the fractional differential operator, the so-called Consider the following integrals
Then, we have the corresponding derivatives an increasing function such that ψ ′ (t) = 0, for all t ∈ I. Assume that (f k ) ∞ k=1 is a uniformly convergent sequence of continuous functions on [a, b] . Then, we may interchange the fractional integral operator and the limit process, i.e.,
In particular, the sequence of function 1 I
is uniformly convergent.
Proof. In fact, we denote the limit of the sequence (f k ) by f . It is well known that if f is continuous we then find
As f k is a uniformly convergent sequence, we conclude the proof.
is a uniformly convergent sequence of continuous functions on [a, b]. Then, we may interchange the fractional integral operator and the limit process, i.e., 
Moreover assume that
is convergent uniformly on [a + ε, b] for every ε > 0. Moreover assume that
is convergent uniformly on [a + ε, b] for every ε > 0.
Proof. The proof follows the same steps as the previous Theorem 5.
The next Lemma 1, we choose β → γ in H α(t);ψ γ,β
We recall that, for 0 < γ < 1, we have
where
Note that, we can change the parameter t inside the integral, since it acts as a constant, so we have
Also, the parameter ψ (t) doesn't influence the values of K γ (r). Thus,
As g (t) > 0 and Eq.(3.8), we have that Eq.(3.7) is nonnegative. We recall that E γ (ψ (t)) > 0, 0 < γ < 1, and thus
which proves the result.
f (a) = 0, 0 < α (t) < 1. 
where f (t, u) is a smooth function. If f (t, u) is non-increasing with respect to u then the above equation has a unique solution u ∈ H 1 (a, b).
Proof. Assume that u 1 , u 2 ∈ H 1 (a, b) be two solutions of the above equation and let z = u 1 − u 2 . Then it holds that
Applying the mean value theorem we have Lemma 5. Consider the nonlinear fractional differential equation
where f (t, u) is a smooth function. Assume that λ 2 u + h 2 (t) ≤ f (t, u) ≤ λ 1 u + h 1 (t) , for all t ∈ H 1 (a, b) , where λ 1 , λ 2 < 0. Let v 1 and v 2 be the solutions of (4.4) C D α(t);ψ a+ v 1 (t) = λ 1 v 1 + h 1 (t) , t > 0, 0 < α (t) < 1 and C D α(t);ψ a+ v 2 (t) = λ 2 v 2 + h 2 (t) , t > 0, 0 < α (t) < 1 respectively, then it holds that v 2 (t) ≤ u (t) ≤ v 1 (t), t ≥ a.
Proof. We shall prove that u (t) ≤ v 1 (t) and by applying analogous steps one can show that v 2 (t) ≤ u (t). By subtracting Eq. 
Concluding remarks
We introduced two new non-singular kernel fractional derivative formulations, through the ψ−Caputo and ψ−Riemann-Liouville fractional derivatives and the Riemann-Liouville fractional integral with respect to another function both with variable order. Here, it was possible to show that the new versions of fractional derivatives, besides admitting a class of fractional derivatives with non-singular kernel, from the choice of the function ψ(·) and the limit α(t) → α and α(t) → 1, it was also possible to present some important results involving uniformly convergent sequences of continuous functions and important results in the study of the limitation of solutions of fractional differential equations. On the other hand, we present a result of the comparison's principle, fundamental in the study of the nonlinear fractional differential equation presented in Section 4.
